
PHYSICAL REVIEW E JANUARY 1999VOLUME 59, NUMBER 1
Expression for predicting liquid evaporation flux: Statistical rate theory approach

C. A. Ward* and G. Fang†

Thermodynamics and Kinetics Laboratory, Department of Mechanical and Industrial Engineering, University of Toronto,
5 King’s College Road, Toronto, Ontario, Canada M5S 3G8

~Received 18 February 1998!

Recent measurements of the conditions existing at the interface of an evaporating liquid have found that the
temperature approximately one mean free path from the interface in the vapor washigher than the temperature
of the liquid at the interface. The measured temperature discontinuity at the interface is in theopposite
direction of that predicted by several recent studies based on classical kinetic theory. A theoretical approach
based on the transition probability concept of quantum mechanics, called statistical rate theory~SRT!, is used
herein to develop an expression for predicting the evaporation flux. The expression obtained is free of any
fitting parameters. When applied to predict the conditions at which a particular value of the evaporation flux is
expected and the result compared with the measurements at 15 different experimental conditions, it is found
that the SRT expression accurately predicts the conditions.@S1063-651X~98!11412-5#

PACS number~s!: 68.10.Jy
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I. INTRODUCTION

Recently, models of the Boltzmann equation have b
used to predict the conditions existing at the interface of
evaporating liquid. It was predicted that the liquid cou
evaporate only if the temperature in the vapor werelessthan
that in the liquid at the interface@1,2#. However, recent ex-
perimental studies have found the opposite relation betw
the temperature in the vapor at the interface and that in
liquid during steady-state evaporation. Using two differe
experimental arrangements, a series of 20 experiments
been conducted with water evaporating at different ra
@3,4#. In each experiment, the temperature in the vapor at
interface was found to begreater than that in the liquid. In
one experiment, the temperature in the vapor was meas
within one mean free path of the water surface and un
steady-state conditions it was found to behigher than that in
the liquid by as much as 7.8 K.

It is reasonable to suppose that the disagreement betw
the results obtained from classical kinetic theory and
measurements results from the boundary conditions
were assumed in order to generate solutions to the Bo
mann equation. However, there is no method available
classical kinetic theory that can be used to derive the bou
ary conditions. Rather they are assumed and none of
boundary conditions considered have supposed that the
perature of the molecules leaving the liquid were other th
the temperature of the liquid.

Since there is no apparent explanation for the obse
tions based on classical kinetic theory, we investigate
possibility of predicting the conditions existing at the inte
face of an evaporating liquid using statistical rate the
~SRT! @5–13#. This theoretical approach is based on the tr
sition probability concept as defined in quantum mechan
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and uses the Boltzmann definition of entropy to introduc
thermodynamic description of the system. It has been app
in the past to predict the rate of gas absorption by a liq
@5,9#, the rate of electron transport between ions in solut
@7#, and the rate of gas adsorption on single crystal me
surfaces@8,10#. In each case, it was found that after the m
lecular and material~or equilibrium! properties of the sys-
tems considered had been established, SRT could be us
predict the rate of the kinetic process. However, in each c
the transport process took place under conditions that co
be approximated as isothermal.

A more rigorous test of the statistical rate theory approa
was reported recently when thermal desorption of CO fr
Ni~111! was examined@10,11#. Using the equilibrium iso-
therms for this system, the value of the material proper
required to specify the chemical potential of CO adsorbed
this single crystal surface were determined@12#. The values
of the material properties were incorporated in the S
equations to obtain the expression for the rate of CO tra
port to the Ni~111! surface. These equations were then a
plied to examine temperature programmed desorption~TPD!
experiments.

The TPD experiments were completely independent
the experimental circumstance from which the molecular a
material properties had been established. It was found
over a range of initial surface concentrations of CO
Ni~111!, the SRT equations could be used to accurately p
dict the measured TPD spectra of the system@11#. In this
case then, the temperature at the interface was changed
function of time, but the temperature of the surface and
the gas was the same at any instant during the process.

In the evaporation process, the temperature at the in
face has been found experimentally to have a different va
in the liquid than in the vapor. In order for SRT to be appli
under this circumstance it must be extended to take acc
of the temperature in the phases at the interface being di
ent. After this extension is made, it is found that the expr
sion for the evaporation rate has a different dependence
the thermodynamic properties at the interface in each of
phases from that obtained from solutions of the Boltzma

:
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430 PRE 59C. A. WARD AND G. FANG
equation. For example, the SRT equations indicate that
liquid can evaporate even if the temperature in the vapo
greater than that in the liquid at the interface. This differen
can be traced to the application of the quantum mechan
transition probability concept in the SRT approach. The S
approach leads to an expression for the rate of evapora
that is free of any fitting constants and the predictions f
lowing from the expression can be directly compared w
the observations of Refs.@3# and @4#.

II. STATISTICAL RATE THEORY EXPRESSION
FOR THE RATE OF EVAPORATION

Consider the single-component system shown schem
cally in Fig. 1 in which evaporation is occurring und
steady-state conditions. We suppose the temperature
pressure in the vapor at the interface areTV,PV and those in
the liquid areTL,PL. The energy required to maintain th
temperature in the liquid at the interphase constant atTL is
supplied by its surroundings@3,4#. We propose to develop a
expression for the evaporation flux that is in terms of th
properties and the molecular and material properties of
substance that is evaporating.

A. An isolated system at an instant in time

Consider a small volume that consists of vapor and liq
phases in contact with a thermal reservoir that has a temp
ture TL ~see Fig. 1!. Within the small volume, we suppos
the interphase may be approximated as a surface and tak
position of the surface to be such that there is no adsorpt
Thus a molecule is in either the liquid phase or the va
phase. We assume that the phases are each uniform up
surface and that the intensive thermodynamic propertie
each phase are constant over the extent of the respe
phases. We take the depth of a phase to bedLa, wherea is
eitherL or V, and the cross-sectional area of the surface
be dA. The limits ondLa are discussed below.

At an instantt, let the number of molecules in the liqui
and in the vapor be denoted asNL andNV and the tempera
ture in the liquid and vapor phases of the small volume
this instant be the same as those in the steady-state sy
TL,TV. We assume that the local equilibrium variables m
be used to describe the thermodynamic state of each o
respective phases; thus the pressures in each phase o

FIG. 1. Schematics of the steady-state system and the re
isolated system. The isolated system is defined from the prope
existing in the steady-state system at the liquid-vapor interface
e
is
e
al
T
on
-

ti-

nd

e
e

d
ra-

the
n.
r
the
of
ive

o

t
em,
y
he
the

small volume may be taken to be the same as those in
steady-state system. Our central assumption is that at
instant, the evaporation rate in the small system is the s
as that in the steady-state system. Thus, if an expression
the rate of evaporation is developed for the small volu
that is valid at the instantt, the expression may be applied
the steady-state system at any time.

Note that the small volume and reservoir form an isola
system and that their properties are defined from conditi
existing in the steady-state system. The statistical rate the
approach may now be applied to obtain the expression
the rate of evaporation in the small volume at the instant.
An important element of this approach is the final, therm
dynamic equilibrium state of the isolated system@5–7#.
Based on the properties of the small system, the final te
perature in this state will beTL and the final pressure in th
vapor phasePe

V . This pressure is different from the instan
taneous pressurePV ~see below!.

B. Rate of interfacial molecular transfer

Since the local equilibrium approximation has be
adopted, each phase of the small volume may be treated
canonical ensemble system. Each portion of the small v
ume has a known temperature; thus each has a limited ra
of quantum mechanical energiesDEa. This range is defined
by

~DEa!25~Ea!22~Ēa!2, ~1!

where the ensemble average of the energyĒa is equal to the
internal energy of phasea, Ua, and the ensemble average
the square of the energy is denoted as(Ea)2. The energy
range for each phase may be expressed

~DEa!56TaAkCV
a, a5L or V, ~2!

whereCV
a is the constant volume specific heat of phasea.

The possible quantum mechanical states of the phasa
would be those with energies ofUa6DEa.

In the small volume at the instantt, the molecular distri-
bution l j is such that there areNL molecules in the liquid
phase andNV in the vapor phase. Let the number of quantu
mechanical states of the isolated system~small volume and
thermal reservoir! corresponding tol j that are within the
energy range of the small volume be denoted asV(l j ). If
uv(l j ) denotes one of these states, then

1<v<V~l j !. ~3!

These states are viewed as unperturbed states. At the in
t, there is a virtual molecular distributionlk corresponding
to the transfer of a molecule from the liquid phase to t
vapor:

lk : NL21,NV11. ~4!

Let the number of quantum mechanical states of the isola
system corresponding to this distribution be denoted
V(lk), and an unperturbed quantum mechanical state of
distribution asue(lk). Then

ed
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PRE 59 431EXPRESSION FOR PREDICTING LIQUID . . .
1<e<V~lk!. ~5!

For the small volume, the probability per unit area for
transition from a state corresponding to molecular distri
tion l j to a state corresponding to molecular distributionlk
may be obtained from a first-order perturbation analysis
the Schro¨dinger equation@6,7#. If the isolated system is
known to be in one of the quantum mechanical states
molecular distributionl j at the instantt and then the pertur
bation is imposed for a timedt, one finds that the resul
K@l j (uv),lk(ue)# may be written

K@l j~uv!,lk~ue!#5
~2p!uVveu2zdt

\dA
, ~6!

wherez is the energy density of the states,uVneu is the matrix
element corresponding to a transition from a state ofl j to a
state oflk , \ is the Planck constant divided by 2p, and we
have assumed

dt~DEL1DEV!@2p\. ~7!

We takeK@l j (uv),lk(ue)# to be constant for all of the
quantum mechanical states of the possible molecular di
butions that are within the energy range of the small volum
DEL,DEV, and denote it askLV @6,7#. The probability of a
transition froml j to molecular distributionlk at any instant
in the intervaldt, denoted ast@l j ,lk#, would be the prod-
uct of the probability of finding the system in a quantu
mechanical state of molecular distributionl j at the instantt
with the probability of a transition at any instant to any qua
tum mechanical state of the distributionlk times the number
of states corresponding to distributionlk :

t@l j ,lk#5
kLVV~lk!dA

V~l j !dt
. ~8!

If the Boltzmann definition of entropy is assumed valid a
introduced into Eq.~8!, one obtains

t@l j ,lk#5
kLVdA

dt
expFS~lk!2S~l j !

k G , ~9!

whereS(l) is the entropy of the isolated system when t
small volume is in molecular distributionl andk is the Bolt-
zmann constant.

At the same time that there is a probability of a transiti
from l j to lk , there is a probability for a transition corre
sponding to the transfer of a molecule from the vapor to
liquid phase. Suppose that this virtual molecular distribut
is denoted asl i , where

l i : NL11,NV21. ~10!

Following the procedure outlined above, one finds

t@l j ,l i #5
kVLdA

dt
expFS~l i !2S~l j !

k G . ~11!

When the molecular distribution changes froml j to dis-
tribution lk , the number of molecules in the liquid phase
changed,
-

f

f

ri-
,

-

e
n

NL~lk!2NL~l j !521, ~12!

and the number of molecules in the vapor is changed,

NV~lk!2NV~l j !51. ~13!

The entropy change of the isolated system when the mole
lar distribution changes froml j to lk may be expressed

S~lk!2S~l j !5 (
i 5L,V,R

@Si~lk!2Si~l j !#, ~14!

where the superscriptR indicates the reservoir. Since w
have assumed that the local equilibrium variables act as
independent variables for the entropy of each phase and
reservoir, the Euler relation may be applied to obtain

Si5
Hi

Ti 2
m iNi

Ti , ~15!

whereH andm denote the enthalpy and the chemical pote
tial. We assume that neither the chemical potential nor
temperature of the respective phases is changed as a res
the change from molecular distributionl j to lk . Since there
is no exchange of molecules between the small volume
the reservoir, by applying Eq.~15! in Eq. ~14!, one finds

S~lk!2S~l j !5S HL~lk!

TL 2
HL~l j !

TL D1S HV~lk!

TV 2
HV~l j !

TV D
1S mL

TL 2
mV

TV D1S UR~lk!

TL 2
UR~l j !

TL D , ~16!

where we have taken advantage of the fact that the rese
does not change pressure or volume. When the molec
distribution changes froml j to lk , one molecule in the
small volume changes phase. The condition for the reser
and system to form an isolated system is that

@HL~lk!2HL~l j !#1@HV~lk!2HV~l j !#

1@UR~lk!2UR~l j !#50. ~17!

After substituting Eq.~17! into Eq. ~16!, one finds

S~lk!2S~l j !

5S mL

TL 2
mV

TV D1S 1

TV2
1

TLD @HV~lk!2HV~l j !#.

~18!

The total enthalpy of each phaseH may be expressed in
terms of the enthalpy per moleculeh by introducing the
number of molecules in each phase

Hi5hiNi , i 5L,V; ~19!

then Eq.~18! may be written

S~lk!2S~l j !5S mL

TL 2
mV

TV D1hVS 1

TV2
1

TLD . ~20!

Following the same procedure, the entropy change fo
molecular transition from distributionl j to l i is found to be
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432 PRE 59C. A. WARD AND G. FANG
S~l i !2S~l j !52@S~lk!2S~l j !#. ~21!

Thus

S~l i !2S~l j !52S mL

TL 2
mV

TV D2hVS 1

TV2
1

TLD . ~22!

Note that the expression for the change in entropy betw
distributionsl j andlk and betweenl j andl i are given in
terms of the intensive thermodynamic properties existing
the small volume when the molecular distribution isl j .
When Eqs.~20! and ~22! are substituted into Eqs.~9! and
~11!, respectively, one obtains an expression for the pr
ability of the transfer of one molecule from the liquid to th
vapor at any instant

t@l j ,lk#5
kLVdA

dt
expF S mL

kTL2
mV

kTVD1
hV

k S 1

TV2
1

TLD G
~23!

and a probability for the transfer of one molecule from t
vapor to the liquid at any instant

t@l j ,l i #5
kVLdA

dt
expF2S mL

kTL2
mV

kTVD2
hV

k S 1

TV2
1

TLD G .
~24!

To obtain the expression for the unidirectional evapo
tion rate, we suppose the intensive properties of the liq
and vapor phases are unchanged during the transfer ofDNLV
molecules. The time required for this transfer is denoted
Dt. Sincet@l j ,l i # is constant during this period, we sup
pose thatDNLV is proportional tot@l j ,l i # timesDt:

DNLV5KLV expF S mL

kTL2
mV

kTVD1
hV

k S 1

TV2
1

TLD GDt,

~25!

where one finds from Eq.~6! that

KLV5C
~2p!uVveu2z

\
~26!

andC is a proportionality constant. Then in the limit ofDt
being small, the unidirectional evaporation flux may be w
ten

j LV5KLV expF S mL

kTL2
mV

kTVD1
hV

k S 1

TV2
1

TLD G . ~27!

In order for Eq.~27! to be valid, the number of molecule
transferred duringDt must be very small compared to th
number of molecules in each phase:

Na@DNLV , a5L or V. ~28!

This condition is examined below. Following a similar pr
cedure, one finds as the expression for the unidirectio
condensation rate

j VL5KVL expF2S mL

kTL2
mV

kTVD2
hV

k S 1

TV2
1

TLD G . ~29!
en
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C. Equilibrium exchange rate between the liquid
and vapor phases

The small volume and reservoir form an isolated syst
and the condition for thermodynamic equilibrium is that t
total entropy (SL1SV1SR) is a maximum. From this condi
tion, one finds that the necessary conditions for thermo
namic equilibrium are

me
L

Te
L 5

me
V

Te
V ,

1

Te
L5

1

Te
V 5

1

TL , ~30!

where the subscripte on a property indicates that it is to b
evaluated at the condition of thermodynamic equilibrium.
the small volume evolves to equilibrium, the vapor pha
undergoes a change of temperature and the molecular d
bution between the phases is also changed. We assume
KLV andKVL are constant for all molecular distributions an
temperatures in this range.

When the small volume and the reservoir have evolved
thermodynamic equilibrium, let the molecular distribution
the volume be denoted asle and the molecular distribution
corresponding to the transfer of one molecule from the liq
to the vapor phase and from the vapor to the liquid be
noted asl f andld . Following the procedure outlined abov
one finds

S~l f !2S~le!5S me
L

Te
L 2

me
V

Te
V D 1he

VS 1

Te
V2

1

Te
LD ~31!

and

S~ld!2S~le!52S me
L

Te
L 2

me
V

Te
V D 2he

VS 1

Te
V2

1

Te
LD . ~32!

In view of Eq. ~30! both S(l f)2S(le) and S(ld)2S(le)
vanish and sinceKLV andKVL have been assumed consta
under equilibrium conditions the expression for the unidire
tional rate of evaporation@Eq. ~27!# becomes

j e
LV5KLV ~33!

and from Eq.~29!

j e
VL5KVL . ~34!

Under equilibrium conditions, the unidirectional rate
evaporation must be equal to the unidirectional rate of c
densation. From Eqs.~33! and ~34! one sees that

KLV5KVL5Ke , ~35!

where Ke is the molecular exchange rate between the t
phases under equilibrium conditions. Under these conditio
we assume that we may apply classical kinetic theory
determine the rate at which molecules from the vapor ph
collide with the liquid-vapor surface and that each of the
molecules is transferred to the liquid phase. Thus, if the p
sure in the vapor under equilibrium conditions is denoted
Pe

V and the molecular mass asm, then
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PRE 59 433EXPRESSION FOR PREDICTING LIQUID . . .
Ke5
Pe

V

A2pmkTL
. ~36!

However, under equilibrium conditions, as indicated in E
~30!, the chemical potential of the molecule in the liqu
phase must be equal to that of the molecules in the va
For the conditions that we consider

k@PL2P`~TL!#!1, ~37!

wherek is the isothermal compressibility andP`(TL) is the
saturation vapor pressure corresponding to the tempera
TL. Thus the liquid phase may be approximated as sligh
compressible and the chemical potential may then be wri
in terms of a reference state. If the reference state is cho
as the saturation condition, then

mL~TL,Pe
L!5m@TL,P`~TL!#1v`

L @Pe
L2P`~TL!#, ~38!

wherev`
L is the specific volume of the saturated liquid pha

If the vapor is approximated as an ideal gas, its chem
potential may also be written in terms of the same refere
state

mV~TL,Pe
V!5m@TL,P`~TL!#1kTL lnS Pe

V

P`
D . ~39!

After inserting Eqs.~38! and ~39! into Eq. ~30!, one finds

Pe
V5hP`~TL!, ~40!

where

h5expS v`
L

kTL @Pe
L2P`~TL!# D . ~41!

ThusKe may now be expressed

Ke5
hP`~TL!

A2pmkT
. ~42!

In order for Eq.~35! to be valid, the evaporation flux unde
equilibrium conditions must also be given by Eq.~42!.

III. EXPRESSION FOR THE EVAPORATION FLUX

The expression for the net evaporative flux when the s
tem is in molecular distributionl j is given by

j ~l j !5 j LV2 j VL. ~43!

From Eqs.~20!, ~22!, ~27!, and~35!, the net rate of evapora
tion when the system is in molecular distributionl j may be
written

j ~l j !5
Ke

V~l j !
@V~lk!2V~l i !#. ~44!

A simple interpretation of this expression may be given: If
a particular instant a certain molecular distribution exists
the small volume, there is a probability for the system
undergo a change in molecular distribution corresponding
.

r.

re
ly
n
en

.
al
e

s-

t
n

to

evaporation and a probability for the system to underg
transition corresponding to condensation, but the net rat
change in the molecular distribution is in the direction of t
largest number of quantum mechanical states. Under equ
rium conditions, since the entropy is a maximum, the num
of quantum mechanical states corresponding to the evap
tion of one molecule is equal to the number corresponding
the condensation of one molecule and the unidirectional r
become equal. If the system is displayed from equilibriu
the rate in one direction is enhanced over the equilibri
exchange rate by the ratio of the number of states in
virtual distribution to the number in the instantaneous dis
bution.

From Eqs.~20!, ~22!, ~27!, ~29!, and~43! one finds

j ~l j !5KeH expFmL

TL 2
mV

TV 1hVS 1

TV2
1

TLD G
2expF2

mL

TL 1
mV

TV2hVS 1

TV2
1

TLD G J , ~45!

whereKe is given by Eq.~42!. Note that this expression fo
the evaporation flux is in terms of the instantaneous prop
ties of the phases. According to the hypothesis advan
earlier, the values of these properties are the same as tho
the steady-state system and in the steady-state system
may be measured@3,4#.

A. Expressions for chemical potential and specific enthalpy

In the experimental circumstance of Refs.@3# and@4#, the
interface between the liquid and vapor phases is curved
the radius of the interface was measured rather than the p
sure in the liquid phase. If the liquid surface at a point m
be approximated as spherical, the dependence of the ev
ration flux onPL can be replaced by introducing the Lapla
equation

PL5PV1
2gLV

Rc
, ~46!

whereRc is the radius of curvature andgLV is the surface
tension. After introducing Eq.~46! into Eq. ~38!, one finds

mL~TL,PL!

TL 5
m@TL,P`~TL!#

TL 1
v`

L

TL S PV1
2gLV

Rc
2P`~TL! D .

~47!

Since the vapor phase has been assumed to behave
ideal gas, an expression for its chemical potential tha
independent of the chemical potential at saturation may
obtained from Boltzmann statistics and the Bor
Oppenheimer approximation. It may be expressed in term
the vibrational, rotational, and electronic partition functio
qvib , qrot , andqelec, respectively@14#,

mV~TV,PV!

TV 52k lnF S m

2p\2D 3/2 ~kTV!5/2

PV G
2k ln~qvibqrotqelec!. ~48!

The electronic partition function is given by
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434 PRE 59C. A. WARD AND G. FANG
qelec5ge expS De

kTVD , ~49!

where ge and De are the degeneracy of the state and
reference potential minimum. The vibrational and the ro
tional partition functions for the ideal polyatomic molecul
may be expressed

qvib5)
l 51

n8 exp~2U l /2TV!

12exp~2U l /TV!
~50!

and

qrot5S 2kTV

\2 D 1.5 ~pI !0.5

ss
, ~51!

whereU l is a characteristic temperature for vibration,n8 is
the number of vibrational degrees of freedom,I is the prod-
uct of principal moments of inertia of the molecule, andss is
the symmetry factor of the vibration orientation. For wa
molecules, the vibrational characteristic temperatures
3650, 1590, and 3760 K@15# andn8 is 3. After subtracting
Eq. ~48! from Eq. ~47! and simplifying, one finds

mL~TL,PL!

TL 2
mV~TV,PV!

TV

5
v`

L

TL S PV1
2gLV

Rc
2P`~TL! D2DeS 1

TL2
1

TVD
1k lnF S TV

TL D 4S P`~TL!

PV D G1k lnS qvib~TV!

qvib~TL! D .

~52!

The expression for the enthalpy per molecule of the va
may also be obtained from the expression for the partit
function @14#

hV54kTV2De1k (
l 51

3
U l

2
1k (

l 51

3
U l

exp~U l /TV!21
.

~53!

Note that these expressions for the chemical potential and
enthalpy are in terms of molecular and material proper
TL, TV, PV, andRc .

B. Expression for fluxes in terms of measurable variables

The expression for the net evaporation flux may now
obtained from Eqs.~27!, ~29!, ~42!, and~43!:

j 5
hP`~TL!

A2pmkTL S exp
DS

k
2exp

2DS

k D , ~54!

where

DS5S mL

TL 2
mV

TV D1hVS 1

TV2
1

TLD , ~55!

or from Eqs.~52! and ~53!
e
-

r
re

r
n

he
s

e

DS5kH 4S 12
TV

TL D
1S 1

TV2
1

TLD(
l 51

3 S U l

2
1

U l

exp~U l /TV!21D
1

v`
L

kTL S PV1
2gLV

Rc
2P`~TL! D

1 lnF S TV

TL D 4 P`~TL!

PV G1 lnS qvib~TV!

qvib~TL! D J . ~56!

Equation~54! is the final expression for the net evaporati
rate. Since it is in terms of experimentally measurable va
ables, it may be compared with the measurements.

IV. EXAMINATION OF THE SRT EXPRESSION
FOR THE EVAPORATION RATE

In Refs. @3# and @4#, measurements were made
j ,TL,TV,PV,Rc under 5 and 15 separate circumstances,
spectively. The theory may be examined by taking all of t
parameters except one to be known and then using the th
to predict the value of that parameter. To select the par
eter to be predicted, it is important to consider the accur
with which the variables were measured and the sensiti
of the expression for the net evaporation rate to the indep
dent variables.

A. Available experimental results

1. Experiments of Ref. [3]

In the experimental study of Ref.@3#, the temperature was
measured near the interface of water as it evaporated u
steady-state conditions. Water was pumped into a cylindr
evaporation chamber at an accurately controlled rate with
infusion pump~0.5% accuracy over a liquid flow rate rang
of 0.48–8.82 l/h!. The liquid interface was visible from out
side the chamber. The pressure in the evaporation cham
and the flow rate were adjusted to bring the system int
steady state. Once the system had reached a steady sta
temperature in the liquid and in the vapor near the interf
on the center line was measured twice, 1 h apart, at each of a
series of positions. The maximum deviation in a reading
any position was 0.4%~or 0.7 °C!. These measurement
were used as the boundary conditions for the continuum
ergy equation and the temperature at the interface of e
phase calculated. The values obtained are listed in Tab
The temperature of water entering the evaporation cham
was near room temperature, but was not controlled. Also
pressure in the vapor was measured with a Pirani-type ga
~Balzers, TPR 018! to an accuracy of approximately620%.

The area of the liquid-vapor interface in each experim
was calculated from measured interface parameters and
area was used to determine the net evaporation fluxes.
calculated area of the interface was compared with the im
obtained from a charge coupled device camera. Based
measurements 1 h apart, the error was less than 0.1%.

In Fig. 2~a! the temperature measured at the interface
each phase is shown as a function of the measured pres
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TABLE I. Summary of the water evaporation experiments of Ref.@3#.

Liquid
evaporation

rate
~ml/h!

Pressure in
the vapor

~Pa!

Temperature on the vapor
side of the interface
~6deviation! ~°C!

Temperature on the liquid
side of the interface
~6deviation! ~°C!

Radius of
interface at
centerRc

~mm!
Evaporation fluxj̄

~g m22 s21!

20 1030 13.460.1 9.360.1 7.02 0.038
30 773 8.560.1 3.760.1 6.21 0.068
40 546 7.360.1 1.960.1 6.83 0.119
50 387 4.860.1 23.860.1 7.66 0.127
55 293 1.560.1 29.660.2 12.04 0.146
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in the vapor phase. As may be seen there, the temperatu
the vapor was found to be greater than that in the liquid
each experiment case. The average flux was calculated
the measured net evaporation rate and area of the liq
vapor interface. In Fig. 2~b! the corresponding evaporatio
rate of each experiment is shown. Note that as the ave
evaporation flux was increased~by lowering the pressure in
the vapor! the temperature discontinuity also increased.

2. Experiments of Ref. [4]

In the experimental study of Ref.@4#, a procedure similar
to that of Ref.@3# was used. There were three notable i

FIG. 2. Summary of the measurements reported in Ref.@3#. The
error bars on the pressure indicate possible instrument error.
in
n
m

id-

ge

-

provements made in the experimental apparatus. The m
important one was in the measurement of the pressure in
vapor phase. The Pirani gauge was replaced with an abso
Hg manometer that could be used to measure the pres
near the liquid-vapor interface with an accuracy of 13.3
~or 0.1 mm!. Second, the temperature of the water enter
the evaporation chamber was controlled at one of three
ues, 15 °C, 26 °C, or 35 °C, and at each of these temp
tures the flow rate and pressure in the vapor were adju
until steady-state evaporation was established. The total
rate of water entering the chamber was measured with
same infusion pump. Third, after a steady state had b
reached, the temperature on the center line of the evapora
chamber was measured with two differently sized therm
couples. The measurements made with the smaller ther
couple ~25.4 mm in diameter! were used as the boundar
conditions for the continuum energy equation and the te
perature at the interface of each phase was calculated.
allowed the temperature to be measured closer to the in
face than in Ref.@3# and in one case allowed the temperatu
in the vapor to be measured within one mean free path of
interface. Based on measurements 1 h apart, the maximum
temperature difference at the interface in the liquid ph
was60.2 °C and in the vapor60.4 °C. The measured value
of TL, TV, PV, Rc , and j for the 15 experiments of Ref.@4#
are listed in Table II.

For the experiments of Ref.@4# in which the temperature
of the water entering the evaporation chamber was m
tained at 35 °C, the temperature in the liquid at the interfa
the temperature in the vapor at the interface, and the ave
evaporation flux are shown in Figs. 3~a! and 3~b! as a func-
tion of the measured pressure in the vapor. Note that a
result of replacing the Pirani gauge with the absolute m
nometer, the pressure in the vapor was much more accura
determined in this case; however, the direction of the te
perature discontinuity and the relation between its magnit
and the average evaporation flux is the same as that foun
Ref. @3# at each evaporation rate, the temperature at the
terface in the vapor is greater than that in the liquid at
interface, and as the evaporation flux was increased the
continuity in temperature at the interface was observed
increase as well. Similar results were found when water
tered the evaporation chamber at 15 °C and 26 °C@4#.

B. Sensitivity analysis of the evaporation rate expression

The expression for the net evaporation rate@Eq. ~54!# may
be used to determine the variation in this rate that res
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TABLE II. Summary of the water evaporation experiments of Ref.@4#.

Liquid evaporation
rate

~ml/h!

Pressure in
the vapor

~Pa!

Temperature on the vapor
side of the interface
~6deviation! ~°C!

Temperature on the liquid
side of the interface
~6deviation! ~°C!

Radius of
interface at
centerRc

~mm!
Evaporation fluxj̄

~g m22 s21!

70a 596.0 3.260.1 20.360.1 4.42 0.2799
75b 493.3 0.660.1 22.960.1 4.39 0.2544
85b 426.6 20.660.1 24.860.1 4.47 0.3049
90a 413.3 21.060.1 25.260.0 4.27 0.4166

100b 310.6 23.860.1 28.960.1 3.95 0.3703
100b 342.6 22.760.1 27.760.2 4.31 0.3480
100c 333.3 21.660.2 27.860.0 4.60 0.3971
110a 269.3 24.660.1 210.760.1 4.36 0.4081
110b 277.3 24.360.2 210.360.0 4.44 0.4347
120a 264.0 24.960.0 211.060.2 4.15 0.4097
120c 269.3 24.160.1 210.660.1 4.13 0.4860
130a 245.3 26.060.0 211.960.1 4.12 0.4166
140c 233.3 25.260.1 212.460.1 4.27 0.4938
150c 213.3 26.260.1 213.560.0 4.17 0.5086
160c 194.7 26.860.4 214.660.0 4.18 0.5386

aThe liquid temperature entering the evaporation chamber was 26 °C.
bThe liquid temperature entering the evaporation chamber was 15 °C.
cThe liquid temperature entering the evaporation chamber was 35 °C.
th
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di
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from a small change in the independent variables. If
changes in the independent variables are sufficiently sm
then

D j
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1

j S ] j

]PVDDPV1
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j S ] j

]TLDDTL

1
1

j S ] j

]TVDDTV1S ] j

]Rc
DDRc ~57!

or

D j

j
52S DPV

PV D cothS DS

k D22
v`

L gLV

kTL

DRc

Rc
2 cothS DS

k D
1F S hf g

kTL2
1

2D1S hf g

kTL24D cothS DS

k D G DTL

TL

1F4S 12
TV

TL D1
1

TV2 (
1

3
U l exp~U l /TV!

@exp~U l /TV!21#2G
3

DTV

TV cothS DS

k D . ~58!

To estimate the sensitivity of the rate expression to the
ferent parameters, we may consider the experiment with
highest evaporation rate. The quantitative change in
evaporation flux may be calculated from the values of
parameters for this experiment that are listed in Table II,

D j

j
52S 8.0

PaDDPV2S 31.8

K D DTL

2S 0.12

K DDTV2S 731025

m DDRc . ~59!
e
ll,

f-
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e
e

FIG. 3. Summary of the measurements reported in Ref.@4#. The
error bars on the pressure indicate the accuracy with which
pressure could be read.
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The magnitudes of the coefficients ofDPV, DTL, DTV, and
DRc are smaller in the expression forD j / j at the lower rates
of evaporation.

One of the most accurately measured variables was
net evaporation flux: 0.5%. One of the least accurately m
sured was the pressure at the interface. If the temperat
TL,TV and the radiusRc are taken to have been measur
exactly, then in order for the value of the net evaporat
flux j to be calculated as accurately as it could be measu
the pressure in the vapor would have to be measured to
proximately 631024 Pa. However, it was measured
within only 613.3 Pa in Ref.@4# and to within only 20% of
the reading in the experiments of Ref.@3#.

If one assumes thatPV, TV, and Rc were measured ex
actly, then in order for the net evaporation flux to be calc
lated as accurately as it could be measured, the temper
at the interface in the liquid would have to be measured
within 1.631024 K. It was measured to within only ap
proximately60.2 K @3,4#. The error in the measured valu
of PV results in an error in the calculated evaporation r
that is two orders of magnitude larger than that from
error in the measured value ofTL.

C. Comparison of the predictions with the measurements

Since the net evaporation rate could be measured m
accurately than the other variables, we take the valuesj,
TL, TV, andRc to be the experimental values listed in Tabl
I and II and then use the SRT expression for the net eva
ration rate to predict the pressure in the vaporPV that would
correspond to these conditions. The predicted and meas
pressures obtained by this procedure for the experiment
Refs.@3# and @4# are shown in Figs. 4 and 5. The measur
values of the pressure for each net evaporation flux are
shown in these figures and the vertical error bars indicate
accuracy with which the pressure in the vapor was measu

If the results shown in Fig. 4 alone were considered, o
would conclude that there was a small difference in the p
dictions as compared to the measurements of Ref.@3#. How-
ever, when one examines the results shown in Fig. 5, n
that there is no disagreement between the measurement
the predictions at the 15 different experimental conditio
reported in Ref.@4#, recalls that the pressure was measu
closer to the interface and much more accurately in Ref.@4#
than in Ref.@3#, one concludes that the small difference b
tween the measurements and prediction from the SRT
pression for the evaporation flux is not significant. Thus
conclude there is no measured disagreement between the
dictions made from the SRT expression and the meas
ments.

Since the pressure that corresponds to a given evapor
rate is accurately calculated from the SRT expression for
net evaporation flux, even though the measured value
TL,TV,Rc are used in the calculations and these variab
would be expected to be in error to some degree, the e
does not appear significant. However, if measured value
TL, TV, Rc , andPV reported in Ref.@4# are simply inserted
in the expression for the evaporation rate, the calculated
ues of the net evaporation flux could be one order of mag
tude larger than the measured value.
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FIG. 4. The SRT expression for the evaporation flux was use
predict the pressure in the vapor phase that would result in a
ticular evaporation flux if the curvature of the interface and t
temperatures in the liquid and in the vapor phase at the inter
were those measured@3# and listed in Table I. The predicted value
of the pressure are given on the abscissa. The values of the pre
on the ordinate are those measured at the same evaporation fl
there were perfect agreement, all points would lie on the 45° l
The vertical error bars indicate the uncertainty in the measu
value of the pressure.

FIG. 5. The SRT expression for the evaporation flux was use
predict the pressure in the vapor phase that would result in a
ticular evaporation flux if the curvature of the interface and t
temperatures in the liquid and in the vapor phase at the inter
were those measured@4# and listed in Table II. The predicted value
of the pressure are given on the abscissa. The values of the pre
on the ordinate are those measured at the same evaporation fl
there were perfect agreement, all points would lie on the 45° l
The vertical error bars indicate the uncertainty in the measu
values of the pressure and correspond to 13.3 Pa.
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V. DISCUSSION AND CONCLUSION

In the SRT procedure, a first-order perturbation the
was used to obtain the expression for the probability o
transition from a quantum mechanical state correspondin
molecular distributionl j to a quantum mechanical state
lk . A necessary condition for Eq.~7! to be valid is that the
time for the transitiondt satisfies

dt@
2p\

DEL1DEV . ~60!

There is also an upper limit todt. The transition probability
and the temperatures and chemical potentials of each p
in the small volume were assumed to be unchanged du
Dt when many transitions took place. Thus

Dt.dt ~61!

and the condition onDt can be met only if the number o
molecules within each phase of the small volume is v
large compared to the number of molecules changing ph
during Dt. The net number of molecules going from th
liquid to the vaporDN would be

DN5 j dADt. ~62!

This number must be very small compared to the numbe
each phase of the small volumeNa if the thermodynamic
properties are to be unchanged:

Na5
dAdLa

va @DNa. ~63!

From Eqs.~60!–~63!

dLa

va j
@dt@

2p\

DEL1DEV . ~64!

For waterDEa may be calculated from Eq.~2!:

DEL51310220 J,
~65!

DEV58310221 J.

The most stringent condition that Eq.~64! must satisfy oc-
curs when the evaporation flux is a maximum

23106~dLL!

m
@dts21@5310214 ~66!

and for the vapor

3~dLV!

m
@dts21@8310214. ~67!

Since the thermodynamic properties have been assumed
form over the extent of each phase within the small volum
the value ofdLa could not be any larger than the resolutio
of the thermodynamic properties. In the vapor phase,
resolution would be approximately one mean free path. T
conditions at which the maximum evaporation flux was o
served are shown in Table II. At these conditions the m
free path was approximately 25mm; thus
y
a
to

se
g

y
se

in

ni-
,

is
e
-
n

1024@dts21@8310214. ~68!

Based on Eq.~68!, it appears that the necessary conditio
for the application of the transition probability concept a
satisfied.

The sufficient condition for its validity can only be esta
lished by comparing the predictions that follow from Eq
~54! and ~56! with experimental results. There are no fittin
parameters in the expression for the evaporation rate an
indicated in Fig. 5, at least for water evaporation at lo
temperature, when the conditions at which the evapora
took place were most accurately measured@4#, there is ex-
cellent agreement between the predictions and the meas
ments over a range of experimental conditions. Clearly, ot
liquids should be examined.

In the SRT approach, the local equilibrium variables a
used to determine the expression for the change in entr
resulting from one molecule changing phase. It might be
that this would limit the validity of the SRT expression fo
the evaporation flux to ‘‘small’’ values. However, the degr
to which the local equilibrium approximation limits th
range of rates for which SRT gives a valid expression is
clear. For example, the rate at which water can evapora
limited because the liquid phase can spontaneously fre
@3#. This possible change in phase of the water limited
rates of evaporation that could be considered experiment
In addition, as seen in Fig. 5, at least for the water evapo
tion rates that were achieved, there is no indication that
SRT expression for the evaporation flux is limited to low
evaporation fluxes. Also, when the SRT approach was
plied to examine electron transfer reactions@5#, gas absorp-
tion by liquids @9#, adsorption kinetics@10#, or thermal de-
sorption kinetics@11#, the local equilibrium assumption wa
used in each case and in each case the SRT approach
predictions that were in close agreement with measurem
over the entire range of rates examined. Thus the limit to
validity of SRT imposed by the local equilibrium assumptio
is yet to be identified.

Since SRT has led to an expression for the evapora
flux that appears to be in agreement with the measurem
of Ref. @4# and the expression has been obtained from
transition probability concepts of quantum mechanics,
investigate the relation of the SRT expression for the eva
ration rate with those obtained from the classical kine
theory approach. Classical kinetic theory does not provide
expression forpredictingthe rate of evaporation. Rather, th
kinetic theory expression for the rate is in terms of coe
cient~s!, but no method is available for predicting these c
efficients. However, the classical kinetic theory expressi
for the evaporation rate have been used to correlate the
sults of a number of experiments.

The earlier kinetic theory work assumed that if the liqu
were at a temperatureTL, the expression for its unidirec
tional evaporation flux was the product of the collision fr
quency of a vapor that had a Maxwellian velocity distrib
tion centered atTL, a pressure ofP`(TL), and a factorse ,
the evaporation coefficient. The vapor was also assume
be in a Maxwellian distribution, but centered at the tempe
ture TV and with a pressurePV, and the unidirectional con
densation rate was assumed to be a product of the colli
frequency of the latter Maxwellian distribution with a coe
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ficient sc , the condensation coefficient. These coefficie
are usually assumed to have the same valuesHK. Then the
Hertz-Knudsen formula@16,17# for the net rate of evapora
tion may be written@18#

j 5
sHK

A2pmk
S P`~TL!

ATL
2

PV

ATVD . ~69!

The Boltzmann equation was not used in the analysis
therefore there was not a necessary relation betweenTL, TV,
andPV.

If the SRT expression for the net evaporation flux@Eq.
~54!# is compared with the Hertz-Knudsen expression,
expression forsHK can be identified. The Hertz-Knudse
expression for the evaporation flux@Eq. ~69!# implicitly as-
sumes the liquid-vapor interface is flat. For such an interfa
h, given in Eq.~41!, has the value unity. Under this cond
tion one finds

sHK5

expS DS

k D2expS 2DS

k D
12

PV

P`~TL!
ATL

TV

. ~70!

From Eq.~70! and the expression forDS given in Eq.~56!,
SRT indicates thatsHK is a function of the temperature an
the pressure in both the liquid and the vapor phases. If
~70! is used to evaluatesHK from the experimental result
reported in Ref.@4# and listed in Table II, one finds that

0.060<sHK<0.133. ~71!

Many other experiments have indicated thatsHK varies with
experimental conditions.

In his analysis of evaporation, Schrage also used class
kinetic theory. He assumed forms of the distribution fun
tion, accounted for the bulk velocity of the vapor, and a
assumed that there was only one empirical coefficient, wh
he called the condensation coefficients @19#. For small bulk
velocities, the expression for the net evaporation rate tha
obtained was

j 5
s

120.5s S P`~TL!

A2pmkTL
2

PV

A2pmkTVD . ~72!

The SRT expression for the net evaporation flux may
compared with Eq.~72! and the expression for Schrage
condensation coefficient identified. For a flat liquid-vapor
terface one finds
ys
s

d

e

e,

q.

al
-
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s5
sHK

110.5sHK . ~73!

If one uses Eq.~73!, the value of Schrage’s condensatio
coefficient can be evaluated for each of the experiments
ported in Ref.@4#. From the data listed in Table II one find
that

0.0586<s<0.1247. ~74!

Values of s that have been obtained experimentally ha
been reviewed by Mills and Seban@20#. For water evapora-
tion from a suspended droplet and from a horizontal surfa
they record values in the same range as those in Eq.~74!.
Thus, if one simply used the Hertz-Knudsen or the Schr
expression for the evaporation rate to correlate meas
ments of the evaporation rate, one would not find any c
tradictions, only that the coefficients appearing in the expr
sions for the evaporation rate varied from one experime
circumstance to another.

Subsequent kinetic theory studies of evaporation obtai
expressions for the distribution function by solving a mod
of the Boltzmann equation for the space occupied by
vapor. Different boundary conditions were then imposed.
example, Cipolla, Lang, and Loyalka@2# assumed that the
distribution function far from the liquid surface was th
Chapman-Enskog distribution and at the liquid surface t
the distribution function was a Maxwellian distribution co
responding to the temperature of the liquid at the interfa
and supposed the number density to be that of a satur
vapor at this temperature. Other boundary conditions w
also considered@1,18,21#. All of these more detailed kinetic
theory analyses led to the prediction that the liquid co
evaporateonly if the temperature in the vapor waslessthan
that in the liquid. This prediction is contrary to the measu
ments of Refs.@3# and @4#. It is also contrary to the conclu
sions of SRT. The SRT approach indicates that evapora
can occur when the temperature in the vapor isgreater than
the temperature in the liquid. Indeed, that is the condit
existing in all 15 experiments of Ref.@4# and as indicated in
Fig. 5, when SRT is applied to predict the pressure at wh
a particular evaporation rate would be observed for giv
values ofTL,TV,Rc , SRT is found to give an accurate pre
diction of the pressure.
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